SOME PROPERTIES OF FIBONACCI NUMBERS 



ALEXANDRE LAUGIER AND MANJIL P. SAIKIA 

Abstract. In this paper we study the Fibonacci numbers and derive some interesting prop- 
erties and recurrence relations. We also define period of a Fibonacci sequence modulo an 
integer, m and derive certain interesting properties related to them. 



1. Preliminaries 

We begin with the following famous results without proof. 

Lemma 1.1 (Euclid). If ab = (mod p) with a,b two integers and p a prime, then either p\a 
or p\b. 

Remark 1.2. In particular, if gcd(a,b) = 1, p divides only one of the numbers a,b. 

Theorem 1.3 (Fermat's Little Theorem). If p is a prime and n £ N relatively prime to p, 
then n p_1 = 1 (mod p). 

Theorem 1.4 (Euler). Let p be an odd prime and gcd(a,p) = 1. Then a is a quadratic 
p-i 

nonresidue of p if a 2 = — 1 (mod p). 

Definition 1.5. Let p be an odd prime and let gcd(a,p) = 1. The Legendre symbol (a/p) is 
defined to be equal to 1 if a is a quadratic residue of p and is equal to —1 is a is a quadratic 
non residue of p. 

Theorem 1.6. 

(5/5/c + 2) = -1. 

Proof Clearly (5 /5k + 2) = (5k + 2/5) since 5 = 1 (mod 4). 
Again (5k + 2/5) = (2/5) since 5k + 2 = 2 (mod 5). 

Also it is a well known fact that (2/5) = —1 since 5 = 5 (mod 8). □ 

For proofs of the above theorems the reader is suggested to see [I] or [2] . 

Theorem 1.7. If x 2 = 1 (mod p) with p a prime, then either x = 1 (mod p) or x = p — 1 
(mod p). 

Proof. If x 1 = 1 (mod p) with p a prime, then we have 

x 2 — 1 = (mod p) 

(x — l)(x + 1) = (mod p) 

x — 1 = (mod p) or x + 1 = (mod p) . It is equivalent to say that x = 1 (mod p) or 
x = —1 = p — 1 (modp). □ 
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Let p a prime number such that p = 5k + 2 with k an odd positive integer. From Fermat's 
Little Theorem we have 



1 5— J =1 (mod5/s + 2). 



From Theorem 11.71 we have either 5^=1 (mod 5k + 2) or 5 2 + = 5k + 1 (mod 5fc + 2). 
Moreover, we can observe that 

5(2fc + 1) = 1 (mod5/c + 2). 

Theorem 1.8. 



5fc+l 

5^~ =5k + l (mod 5k + 2) 



where 5k + 2 is a prime. 



The proof of Theorem 11.81 follows very easily from Theorems 11.41 and 11.61 
We fix the notation [[1, n]] = {1, 2, . . . , n} throughout the rest of the paper. We now have 
the following properties. 

Property 1.9. 

'5k + 1 



oJ | ! , _ 5k + 1 (mod 5k + 2), 

with I G [[0, L^yJ]] an d 5k + 2 is a prime. 

Proof. Notice that for / = the property is obviously true. 
We also have 

%k + l\ (5A; + \)5k(5k - 1) . . . (5/c - 21 + 1) 



^2/ + iy (2Z + 1)! 

Or, 

5/c = -2 (mod5/c + 2), 
5A;-l = -3 (mod 5fc + 2), 

5A; — 2Z + 1 = — (2Z + 1) (mod5/c + 2). 
Multiplying these congruences we get 

5k(5k - 1) . . . (5A; - 21 + 1) = (2/ + 1)! (mod 5k + 2) 

Therfore 

(2/ + l)!f 5 ^ + ^ = (5fc + 1)(2Z + 1)! (mod 5k + 2) 



21 + 1 

Since (21 + 1)! and 5k + 2 are relatively prime, we obtain 

'5k + 1 



21 + 1 



5k + 1 (mod 5A; + 2) 



Property 1.10. 

5k 

1 = 5/c - 21 = -2(1 + 1) (mod 5k + 2) 



V 2Z + 1, 

mf/i / £ [[0, L^r J]] an d 5k + 2 is a prime. 



□ 
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Proof. Notice that for / = the property is obviously true. 
We have 

5k \ 5k(5k - 1) . . . (5k - 21 + l)(5k - 21) 



K 2l + lJ (2Z + 1)! 

Or 

5k = -2 (mod 5fc + 2), 
5/c - 1 = -3 (mod 5fc + 2), 

5fc-2Z + l = -(21 + l) (mod5A; + 2). 
Multiplying these congruences we get 

5k(5k - 1) . . . (5fc - 21 + 1) = (21 + 1)! (mod 5k + 2). 

Therfore 

(2l + l)\( f k ) = (2/ + l)!(5fc - 2/) (mod5fc + 2). 

Since (2/ + 1)! and 5k + 2 are relatively prime, we obtain 
%k + 1 



, = 5A; - 21 = 5k + 2 - 2 - 2/ = -2(1 + 1) (mod 5fc + 2). 

□ 

2. Formulas for the Fibonacci numbers 

The Fibonacci sequence (F n ) is defined by Fq = 0, F± = 1, F n+ 2 = F n + F n+ \. 
The first Fibonacci numbers are 

F = 0, F 1 = 1, F 2 = 1,F 3 = 2, F 4 = 3, F 5 = 5, F 6 = 8, F 7 = 13, F 8 = 21, F 9 = 34, F 10 = 55, 

Fn = 89, F i2 = 144, Fi 3 = 233, F 1A = 377, F 15 = 610, F i6 = 987, F 17 = 1597, Fi 8 = 2584, . . . 

From the definition of the Fibonacci sequences it can be established the formula for the nth 
Fibonacci number 

_ y," - (1 - <pr 

V5 

where <p = 1+ 2 V ^ is the golden ratio. 

From binomial theorem, we have for a/0 and n £ N 

(a + 6)™ - (a - &)» = £ (f) rt fc (l - (-1)*) = 2 £ ( " \ a »-l™W+\ 
k=o^ ' i=o ^ ' 

L 2 ^-! / \ / h \ 21+1 
<° + «" -<"-»>" = *"£ J (;) . (2.1) 



We set 



So 



2 ' 



a-6 = l-y»= 

1 , 299-I v 7 ^ 



Thus 

a 

We get from (|27TD 

L— -J 

Thus we have 
Theorem 2.1. 




Property 2.2. 

F fc+2 = 1 + J^fi. 

i=l 

Proof. We have 

F = 0, 
F = 1, 

Fa = Fq + Fl. , 
F3 = Fl + F2 , 

F k+2 = F k + F k+1 . 

Adding these equalities we get 

k 

F k+2 = l + F 1 + F 2 + ... + F k = l + J2 F i- 

i=i 

□ 
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Theorem 2.3. 

Fk+i = FiF k+ i + Fi_iF k 

with k G N and I > 2. (l>2). 

Proof. We prove the result by induction on I. 

From the definition of the Fibonacci sequence, we konw that F k+ 2 = F k+ \ + F k = F 2 F k+ \ + 

since F 1 = F 2 = 1. 
Let assume that: F k+i = FiF k+1 + F^iF k with i = 2,3, ... ,1 — 1,1. 
Then, we have 

F k+ i + \ = F k+ i + F k+ i_i. 

From our assumption, we have 

/'/.- • / = Ft /•'/, . | + / '/ ; /•'/• 

and 

F k+ i-\ = Fi_ ± F k+1 + F^ 2 F k . 

Thus we get 

F k +i+\ = F t F k+ i + F^iF k + Fi_iF k+1 + Fi_ 2 F k , 
F k +i+i = (Fi + Fi_{)F k+1 + (Fi_i + Fi_ 2 )F k . 
Using the recurrence relation of the Fibonacci sequence, we obtain 

F k+l+1 = F l+1 F k+1 + F t F k . 



Property 2.4. Let m be a positive integer which is greater than 2. Then, we have 

Fz m + 2 = AF-im-i + Fs m -4. 

Proof. For m > 2, we have 

Fsm+2 = F% m -\- F^m+i = F^ m + F^ m + Fsm—i = 2F^ m + i*3 m _i 
Fsm+2 = 2(F3 m _i + F^ m ^ 2 ) + F3 m _i = 3F3 m _i + 2F?,m-2 

-^3m+2 = 3F 3m _i + 2(F 3m _ 3 + F 3m _ 4 ) = 3F 3m _i + 2F 3m ,_ 3 + 2F 3m _ 4 . 

Again 

F^m-l = F 3m _ 2 + F 3m _ 3 = 2F 3m _ 3 + F 3m _ 4 , 

which gives 



Thus 



Fzm-z — -(F 3m _i - F 3m „ 4 ). 

^3m+2 = 3F 3m _! + 2 X -(F3 m _i — F^m-^) + 2F3 m _4 
^3m+2 = 3F3 m _i + Fzm-i — F^m-^ + 2F3 m _4 
Fzm+2 = 4F 3m „i + -F 3m _ 4 . 



The above can be generalized to 
Property 2.5. Let m be a positive integer which is greater than 2. Then, we have 



Fzm+2 — 4y]i ? 3j_i. 



□ 



□ 



i=2 
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Proof. From Property 12.41 we have for m>2 

F 2 = 1, 

F 5 = 5, 
F 8 = 4F 5 + F 2 , 
Fn =4F 8 + F 5 , 

F 3m +2 = 4F3 m _i + F3 m _4. 

Adding the above gives the desired result. □ 

3. Properties of the Fibonacci numbers 
Property 3.1. F n = (mod 2) if and only if n = (mod 3). 
Proof. We prove by induction that for k S N we have 

F 3k = (mod 2) 

We have F = = (mod 2). 

We assume that F 3k = (mod 2). 
From Theorem 12.31 we have 

^3(fe+l) = F 3k+3 = F s F 3 k+i + F 2 F 3 k- 

Since F 3 = 2 = (mod 2) and we assumed that F 3k = (mod 2), we have 

F 3(fc+1) = (mod 2). 

We again prove by induction for k G N 

F 3fc+1 = l (mod 2). 

We have F x = 1 = 1 (mod 2). 

Let us assume that F 3 k+\ = 1 (mod 2). 
From Theorem 12.31 we have 

^3(fc+i)+i = F 3 k+A = FiF 3k+ i + F 3 F 3k . 

Since F 3k = (mod 2) and F4 = 3 = 1 (mod 2), using the assumption F 3 k+i = 1 (mod 2), it 
follows that 

*3(k+l)+l = 1 ( mod 2). 
From F 3k = (mod 2) and F 3k +i = 1 (mod 2), using the recurence relation of the Fibonacci 
sequence, we also have 

F 3k+2 = F 3k+1 + F 3k = l (mod 2). 
Thus the property is established. □ 

Corollary 3.2. If p = 5k + 2 is a prime which is strictly greater than 5 (k 6 N and k odd), 
then F p = F$ k+ 2 is an odd number. 

In order to prove this assertion, it suffices to remark that p is not divisible by 4. 

Property 3.3. 

F 5k = (mod 5) 

with k e N. 
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Proof. We again prove this result by induction. 
We have Fq = = (mod 5). 
Notice also that ^5 = 5 = (mod 5). 
Let assume that F§ k = (mod 5). 
From Theorem 12.31 we have 



^5(A+l) — ^5fc+5 — F 5 F 5k+ i + F±F§ k . 
Since .Fs = (mod 5) and we assumed that F 5k = (mod 5), we obtain 

*5(fc+l) = ( mod 5 )- 

Property 3.4. 

F n > n 

with n G N and n > 5. 

Proof. We prove this by induction. 
We have F 5 = 5 > 5. 

Let assume that F{ > i with i = 5, 6, . . . , n. 

From Property 12.21 using the assumption above, we have 

n— 1 n— 1 

F n+1 = 1 + y,f > i + XX 

i=0 i=0 

n(n — 1) 



□ 



71+1 



> 1 + 



2 

Again 

n(n — 1) n(n — 3) 

— i '- -n = -i i > 0. 

2 2 

So, from F n+ i > 1 + n Z , we obtain 

F n+ i > n + 1. 

□ 

4. Characterization of numbers 5fc + 2 which are primes with fceN and odd 

Let p = 5k + 2 be a prime number with k a non-zero positive integer which is odd. Notice 
that in this case, 5k ± 1 is an even number and so: 



5k ± 1 



5ife± 1 



Property 4.1. 

-^5fe+2 = 5/c + 1 (mod 5k + 2) 
u;zf/i G N and k odd such that 5k + 2 is prime. 

Proof. From Theorems 11.81 and 12 . 1 1 we have 



5fe+l 
2 



2 5k+1 F 5k+2 = J2 (f, 1 1) 5 l ^5 5J ^^5k + l (mod 5k + 2) 
where we used the fact that i^t-i) ls divisible by 5A; + 2 for I = 0, 1, . . . , ^f^. 



From Fermat's little theorem, we have 

2 5k+i- 1 ( mod5fc + 2 ). 

We get F 5k+2 = 5k + l (mod 5k + 2). □ 

Property 4.2. 

F 5k+1 = 1 (mod 5k + 2) 
with k G N and /c odd suc/i £/ia£ 5/c + 2 is prime. 

Proof. From Theorem 12,11 and Property 11.91 we have 

2 5fc F 5fc+1 = £ ( 7" ) 5' = (5fe + 1) J>< (mod 5k + 2). 
z=o ^ ' z=o 

We have 

E 5 ' = ^^t^ 1 - 

2=0 

We get from the above 

2 5k+2 F 5k+l = (5k + 1) {5Lf J+ 1 - l} (mod 5k + 2). 

Since A; is an odd positive integer, there exists a positive integer m such that k = 2m + 1. It 
follows that 

5k 

— = 5m + 2. 
_ 2 J 

Notice that 5k + 2 = 10m + 7 is prime, implies that k ^ 5 and k ^ 11 or equivalently m/2 
and Other restrictions on and m can be given. 

From Theorem 11.81 we have 

5 5m+3_ 10m + 6 ( mo dl0m + 7). 

We can rewritte ^;=o ^ l = 5 ~ 1 as 



I — I 

- r5m • :'. _ | 



-J 



£ 5 , 

z=o 

Moreover, we have 

(5k + 1) {5Lf J+ 1 - l} = (10m + 6) {5 5m+3 - l} . 

Or, 

(10m + 6) {5 5m+3 - 1} = 5 5m+3 {5 5m+3 - 1} = 5 10m+6 - 10m - 6 (mod 10m + 7). 
We have 

(10m + 6) {5 5m+3 - 1} = 5 10m+6 + 1 (mod 10m + 7). 
From Fermat's little theorem, we have 5 10m+6 = 1 (mod 10m + 7). Therefore 

(10m + 6) {5 5m+3 - 1} = 2 (mod 10m + 7), 

or equivalently 

(5k + 1) |5 L f J +1 - lj = 2 (mod 5fc + 2). 



It follows that 

2 bk+2 F 5k+l = 2 (mod 5k + 2). 
Since 2 and 5k + 2 are relatively prime 

2 5fc+1 F 5fc+1 = 1 (mod 5A; + 2). 
From Fermat's little theorem, we have 2 5fc+1 = 1 (mod 5k + 2). Therefore 

^5fe+i = 1 (mod5& + 2). 

Property 4.3. 

^5fc = 5A; (mod 5A; + 2) 
with k £ N and odd suc/i £/ia£ 5k + 2 is prime. 

Proof. From Theorem 12,11 and Property II. 101 we have 

5fc-l 5fc-l 

2 / 5fc x 



2 5 *- 1 F 5fc = E( 2 Z + l) 5 ^ E^" 2 ^ (mod5A; + 2). 

Also 



u ' in 



5k-l 



3 x 5— - (2fc + l) 



— 5 

£ (5fc - 2Z)5' = . 

1=0 

So 

2 5k+2 F 5k = 5 (3 x 5^ - (2fc + 1)) (mod 5k + 2). 
Moreover since k = 2m + 1, we have 

3 x 5^ - (2k + 1) = 3 x 5 5m+2 - (4m + 3). 
Since 5 5m + 3 = 10m + 6 (mod 10m + 7), we have 

3 x 5 5m+3 = 30m + 18 (mod 10m + 7), 
3 x 5 5m+3 = 40m + 25 (mod 10m + 7). 

Consequently 

3 x 5 5m+3 = 8m, + 5 (mod 10m + 7) 

which implies 

3 x 5 5m+2 - (4m + 3) = 4m + 2 (mod 10m + 7), 
or equivalently for k = 2m + 1 

3 x 5^ - (2k + 1) = 2k (mod5/c + 2), 

2 5k+2 F 5k = 2x5k (mod 5k + 2). 
Since 2 and 5fc + 2 are relatively prime 

2 5k+1 F 5k = 5k (mod5fc + 2). 
From Fermat's little theorem, we have 2 5fc+1 = 1 (mod 5k + 2). Therefore 

F 5fc = 5k (mod 5A; + 2) 



□ 



□ 
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Property 4.4. Let 5k + 2 be a prime with k odd and let m be a positive integer which is 
greater than 2. Then, we have 

(m-i \ 
3™- 1 + Yj m ^ lF ^-A ( mod 5k + 2 )- 

Proof. We prove the result by induction. 

We know that F 6 = 8. Or, 2(3 + F 2 ) = 2(3 + 1) = 2 x 4 = 8. So 

^6 = ^3x2 = 2(3 + F 2 ) = 2(3 + F 2 ) (mod 5k + 2). 

(m-1 \ 
3 m-i + ^sm-l-ip^ j ( mod 5A , + 2 ) w ith m > 2. 

For m a positive integer, we have by Theorem 12.31 

^3(m+l) = ^3m+3 = ^3-^3m+l + F 2 F 3m = 2F3 m+ i + F$ m 
-^3(m+l) = 2(i ? 3m + -F3to-i) + ^3m = 2F3 m _i + 3F3 m . 



From the assumption above, we get 



m—1 



F 3 (m+i) = 2F 3m _i + 2 (^3 m + ^Fu-lj (mod 5fc + 2) 

*3(m+i) = 2 ( 3 ™ + E 3 "" 4 ^-!^ (mod 5A; + 2). 
Thus the proof is complete by induction. 



□ 



Theorem 4.5. Let 5k + 2 be a prime with k an odd integer and let m be a positive integer 
which is greater than 2. Then 

F 5mk = 5k (r 1 " 1 + £ T-'-'F-^ (mod 5k + 2) 

and 

F 5m k+i = F 3m -! (mod 5k + 2). 

Proof. We prove the theorem by induction. 
We have using Theorem 12.31 

Fiok = F$k+5k = FskF^k+i + F^k-iFsk = F^k{F^+i + -Fsfc-i)- 
Using Properties 14.11 14.21 and 14.31 we can see that 

F 10k = 20k (mod5/c + 2). 

Also 

5k ^3 + Yy 11 ^- 1 ^ = 5k ( 3 + F ^ = 20k ~ 20k ( mod 5k + 2 )- 

So 

Fi 0k = F 5x2k = 5k[3 + Y^F^-i J ( m o d $ k + 2 )- 



i=i 
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Moreover, we have from Theorem 12.31 Property 14.21 and Property 14.31 

*Wi = F 5k+5k+1 = F£ k+1 + F 2 k = 1 + 25k 2 (mod 5k + 2) . 

We have 

(5k + 2) 2 = 25k 2 + 20k + 4 = 25k 2 + 10k = (mod 5k + 2). 

So 

25/c 2 = -Wk = 2(5k + 2) - lOfc = 4 (mod 5k + 2). 

Therefore 

^iofc+1 = ^5 = 5 (mod 5k + 2) 

or equivalently 

-P5x2fe+i = -^3x2-1 = 5 (mod5/c + 2). 

Let us assume that 

F 5mfc = 5k ^3™-! + f^™- 1 "^-^ (mod 5k + 2) 

and 

-Fsmfc+i = F 3m-i (mod 5fc + 2) 

. Then, we have 

^5(m+l)fc = F§mk+bk = i*5fc-f5mfc+l + Fbk-lF§ m k- 

Using Property 14.31 and i^jt-i = 3 (mod 5A; + 2), from the assumptions above, we have 

(ro-l \ 
3m_1 + XX-^Fai-iJ (mod 5A; + 2). 

It gives 

^5(m+l)fc = 5A: ^3 m + fy^F^ (mod 5fc + 2). 

Moreover, we have 

^5(m+l)fc+l = ^5mfc+5fc+l = -^5fe+l-^5mfc+l + ^5fc-^5mfc- 

Using Properties 14.21 and 14.31 and the assumptions above, and since 25k 2 = 4 (mod 5k + 2), 
we have 

(m-1 \ 
3" 1 " 1 + Y^-^F^A (mod 5fc + 2), 



+ 4^3 m - 1 +^3 m ^- 1 F 3 ,_ 1 ^ 



%n+l) fe+ 1^3m-l + 1 ( ••5'""' - 1 ( i nod - r )/r — - 2 ) 

^5(m+l)fc+i = F 3m-i + 2^3™ (mod 5k + 2). 

Or, 

^3m-l + 2F3 m = i<3 m _l + Fzm + = F3 m+ i + i<3 m = F3 m+ 2- 

Therefore 

^5(m+l)fc+l = F 3m+2 (mod 5k + 2), 

or equivalently 

^5(m+l)fc+l = ^3(m+l)-l ( m0 ^ 5 ^ + 2 )- 

This completes the proof. □ 
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Corollary 4.6. Let 5k + 2 be a prime with k an odd integer and m a positive integer which 
is greater than 2. Then 

F 5mk +2 = F 3m -i + 5k ( 3™- 1 + ^"^F^ (mod 5k + 2), 



m—l 



F 5mk +3 = 2F 3m _i + 5fc 3" 1 " 1 + ^S" 1 - 1 -^^! (mod 5fc + 2), 



i=l 



and 



(m— 1 \ 
+ X^" 1 - 1 "^-! J (mod 5fc + 2). 

Theorem 4.7. Lei 5k + 2 be a prime with k an odd positive integer, m a positive integer which 
is greater than 2 and r £ N. Then 

F m(5fc+r) = F mr F 3m _! + 5fcF mr _i l^" 1 " 1 + jy n - 1 - i F ai ^^j (mod 5k + 2). 
Proof. For m,r two non-zero positive integers, we have by Theorem 12.31 

Fm(5k+r) = ^omfe+mr = -^mr-^5mfc+l ~l~ ^mi — l-^5 m fc. 

From Theorem 14.51 we have for m>2 and r G N 

/ m-l \ 

F m (5k+r) = F mr F 3m ^ + 5fcF mr _i 3" 1 - 1 + ^"^-'F^i (mod 5& + 2). 



i=l 



□ 



Remark 4.8. In particular, if r = 3, we /enow £/«z£ F m ( 5 £. +3 ) = (mod 5k + 2). 

TTiis congruence can be deduced from Property ' \4-4\ an< ^ Theorem \4- 7\ Indeed, using Theorem 
4- r l\ we have 

F m ( 5k +3) = FsmFsm-i + 5kF 3m ^ (t 1 ' 1 + S 171 ' 1 '^^ (mod 5fc + 2), 

/ m— 1 \ 

>m— 1— « tt 

3i-l 



F m (5k+3) = F 3m F 3m _i + 5fcF 3m _i I 3 m 1 + ^3 m 1 J F 

V i=i / 

-(5* + 2)F 3m _! f 3™" 1 + ^3 m - 1 - i F 3i _i J (mod 5k + 2), 



=i 

m—l 



^m(5fe+3) = F 3m F 3m ^ - 2F 3m _x ^3 m ^ + ^3 m - 1 - J F 3i _ 1 J (mod 5A; + 2). 

Using Property \4-4\ we 9 e t 

F m (5k+3) = F 3m F 3 m-i — F 3m _iF 3m = (mod 5k + 2). 
Corollary 4.9. Let 5k + 2 be a prime with k an odd positive integer and m, r 6 N. Then 
F m (5k+r) = F mr F 3m -i — F mr ._iF 3m (mod 5 A; + 2). 
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Lemma 4.10. Let 5k + 2 be a prime with k an odd positive integer and r E N. Then 

F 5k+r = F r - 2F r _i (mod 5k + 2). 

Proof. Let us prove the lemma by induction. 

For r = 1, we have F^+r = -^sfc+i = 1 (mod 5k + 2) and F r — 2F r -\ = F\ — 2F§ = F\ = 1 
(mod 5fc + 2). 

Let us assume that F^ +s = F s — 2F S _\ (mod 5k + 2) for s E [[2, r]] with r > 2. Using the 
assumption, we have for r > 2 

^5fc+r+l = F$k+r + -^5fc+r-i (mod 5A; + 2), 

F 5fc+r+1 = F r - 2F r _i + - 2F r _ 2 (mod 5/c + 2), 

F 5fc+r+1 = F r + F r _i - 2(F r _i + F r _ 2 ) (mod 5& + 2), 

F 5k +r+i = F r+ i - 2F r (mod5/c + 2). 

Thus the lemma is proved. □ 

We now prove Corollary 14.91 as a consequence of Lemma 14. 101 

Proof. For m = 1, we have F mr F 3m _i - F mr _iF 3m = F r F 2 - F r _ x F 3 = F r - 2F r _i = F 5fc+r 
(mod 5Jfe + 2). 

So, it remains to prove that for m > 2 and r G N, we have i^ m (5fc+,.) = F mr Fz m -\— F mr -\Fz m 
(mod 5fc + 2). 

For m > 2 and r £ N, from Theorem 14.71 we have 



Fr, 



, = F mr F 3m _i + 5A;F mr _i ^3 m - x + ^S™- 1 "^.^ (mod 5A: + 2), 

+ 5kF mr _ 1 3 m 1 + J^3 m 1 ^F^i 
-(5k + 2)F mr _i l^™- 1 +Y^3 m - 1 ' l F 3l ^ (mod 5k + 2), 



m— 1 



F m(5fc+r) = F mr F 3m _i - 2F mr _i J^™- 1 + ^S" 1 - 1 -*^-^ (mod 5A; + 2). 

So, using Property 14.41 we deduce that for m > 2 and r £ N 

= F mr F 3m _i — F mr ._iF 3m (mod 5 A: + 2). 

□ 

Corollary 4.11. Let 5k + 2 be a prime with k an odd positive integer, let m be a positive 
integer and r £ N. Then 

F m (5k+r) = F mr F Sm+ i - F mr+ iF 3m (mod 5k + 2). 

Lemma 4.12. Lei 5k + 2 be a prime with k an odd positive integer and let m be a positive 
integer. Then 

F 5m k + F 3m = (mod 5k + 2). 
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Proof. For m = 0, we have F§ mk + F 3m = 2Fq = = (mod 5/c + 2). 
For m = 1, we have -F5 m fc + = Fsfc + F3 = 5k + 2 = (mod 5k + 2). 
So, it remains to prove that for m > 2, we have i*5 m fc + i^m = (mod 5/c + 2). 
From Theorem 14.51 we have 



m— 1 



5mk 



5k l^™- 1 + ^"^-^^J (mod 5/c + 2). 

(m-l \ 
gm 1 _|_ y~^3 m ~ 1 ~ t i?3^_ 1 J 

/ m-l \ 

(5k + 2) 3™- 1 + Y,^ 1 ^^-! ( mod 5fc + 2 )' 



i=l 
m— 1 



F 5mk = -2 J^™- 1 + Y^^Fzi-l J (mod 5A: + 2). 

From Property 14.41 we have F 5mk = —F 3m (mod 5k + 2). □ 

We now prove Corollary 14.111 as a consequence of Lemma 14.121 

Proof. If r = 0, we can remark that F r F 3m+1 - F r+ iF 3m = F F 3m+1 - F 1 F 3m = -F 3m = F 5mk 
(mod 5k + 2). 

Thus, it remains to prove that for m > 2 and r 6 N, F m r 5k+r ^ = F mr F 3m+ i — F mr+ iF 3m 
(mod 5fc + 2). 

From Corollary 14.91 we know that for m, r € N 

-^m(5fc+r) = F mr F 3m -x — F mr _\F 3m (mod 5/c + 2). 

Also 

F-mr—l — Mnr+1 F mr . 

It follows that 

-^m(5fc+r) = FmrFzm-i — F mr+ iF 3m + F mr F 3m (mod 5/c + 2), 

Fm(5k+r) = ^mr(^3»n-l + ^3m) ~ ^mr+l-^3m (mod 5/c + 2), 
-^m(5fc+r) = ^mr^3m+l _ ^mr+l-^bm (mod 5/c + 2). 

□ 

Remark 4.13. We can observe that i ? i x (5fc+r) = ^5fe+r ^ixr-^3xi+i — -Fixr+i-^sxi = 
F r F 4 - F r+1 F 3 = 3F r - 2F r+1 . By Properties {47l\ \%J\ and\4^\ we have 

r = 1 : F 5k+r = F 5k+1 = 1 (mod 5k + 2), 3F r - 2F r+i = 3F a - 2F 2 = 1 = 1 (mod 5/c + 2) 

r = 2 : F 5fc+r = F 5k+2 = 5k + 1 (mod 5/c + 2), 3F r - 2F r+1 = 3F 2 - 2F 3 = -1 = 5/c + 1 (mod 5/c + 2) 

r = 3 : F 5k+r = F 5k+3 = (mod 5/c + 2), 3F r - 2F r+1 = 3F 3 - 2F A = = (mod 5/c + 2) 

r = 4 : F 5k+r = F 5k+i = 5/c + 1 (mod 5/c + 2), 3F r - 2F r+1 = 3F 4 - 2F 5 = -1 = 5/c + 1 (mod 5/c + 2) 

So, we have F 5k+r = 3F r — 2F r+ i (mod 5/c + 2) or equivalently i ? i x (5fc+r) = ^lxr-^bxl+i ~~ 
F lxr+1 F 3xl (mod 5/c + 2) with r € [[1,4]]. 

Thus we have 
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Property 4.14. Let 5/c + 2 be a prime with k an odd positive integer, let m be a positive 
integer and r E N. Then 

F 5k+r = 3F r - 2F r+ i (mod bk + 2). 

Proof. We have F 5k+0 = F 5k = 5k (mod 5k + 2) and 3F - 2F X = -2 = 5k (mod 5k + 2). So, 
= 3F - 2Fi (mod 5/c + 2). 
Moreover, we know that F^+i = 3i*\ — 2i<2 = 1 (mod 5k + 2). 

Let us assume that -F5fc+ S = 3F S — 2F s+ i (mod 5/c + 2) for s E [[1, r]]. We have for r E N, 

■^5fc+r+l = -^5fc+r + -Fsfc+r-i = 3F r — 2F r+ i + 3F r _i — 2F r (mod 5/c + 2) 

F 5k+r+1 = 3(F r + F r _i) - 2(F r+1 + F r ) (mod 5k + 2) 

F$k+r+l = 3F r+ i - 2F r+2 (mod 5/c + 2). 
Thus the proof is complete by induction. □ 

Property 4.15. Let 5k + 2 be a prime with k odd and let m be a positive integer which is 
greater than 2. Then, we have 

m— 1 



F 3m+ i = 3 m + 2^3 m " 1 ~ i F 3i (mod 5k + 2). 



8=1 



Proof. We prove the result by induction. 



m— 1 



We have for m = 2, F 3m+1 = F 3x2+ i = F 7 = 13 and 3 m + 2^T l ~ l -' l F 3i = 3 2 + 2F 3 = 

i=l 

9 + 2 x 2 = 9 + 4 = 13. So, F 7 = 3 2 + 2F 3 = 13 (mod 5k + 2). 

771— 1 

Let us assume that for m > 2, -F3 m+ i = 3 m + 2^^3 m ~ 1 ~ 4 i ? 3j (mod 5/c + 2). Using this 

i=i 

assumption, we have for m > 2 

F 3 ( m +l)+l = F?>m+A = FiF 3rn+ i + F 3 F 3m = 3F3 m+ i + 2F 3m 
m— 1 

^3(m+i)+l = 3 m+1 + 2^3 m -'F 3i + 2F 3m (mod 5k + 2), 
i=i 

m 

F Km +l) + i = 3 m+1 + 2]T3 m -F 3j (mod 5A: + 2) . 

i=l 

Thus the induction hypothesis holds. □ 

Corollary 4.16. Let 5/c + 2 be a prime with k odd and let m be a positive integer which is 
greater than 2. Then, we have 

(m-l \ 
3™- 1 + Y^^-'F-M+A (mod 5k + 2). 

Proof. It stems from the recurrence relation of the Fibonacci sequence which implies that 
F 3m+ 2 = F 3m + F 3m+1 and F 3k+1 = F 3k + F 3k ^ and Properties 03] and 14.151 □ 
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5. Periods of the Fibonacci sequence modulo a positive integer 

Notice that F\ = F 2 = 1 (mod m) with m an integer which is greater than 2. 

Definition 5.1. The Fibonacci sequence (F n ) is periodic modulo a positive integer m which 
is greater than 2 (m > 2), if there exists at least a non-zero integer t m such that: 

F i+i m = F 2+e m = 1 (mod m) 
The number t m is called a period of the Fibonacci sequence (F n ) modulo m. 
Remark 5.2. For m > 2 we have l m > 2. Indeed, t m cannot be equal to 1 since F 3 = 2. 
From Theorem 12.31 we have 

F 2+ e m = F em F 3 + F £m ^F 2 = 2F im + F^-i (mod m). 
Since F im + F im _ x = F 1+im , we get 

F 2 +t m = 2F im + F, m _! = F £m + F Wm = F lm + F 2+£m (mod m). 
Therefore we have the following 
Property 5.3. 

Fi m = (mod m) 
Moreover, from Theorem 12.31 we have 

F l+e m = F i m F 2 + F lm _ x F x = F lm + F lm _ x = F £m „! (mod m). 
Since F\ + n m = 1 (mod m), we obtain the following 
Property 5.4. 

F t m -l = 1 ( mod m )- 

Besides, using the recurrence relation of the Fibonacci sequence, from Property 15.31 we get 

F t m -2 + F lm _ x = F im = (mod m). 
Using Property 15.41 we obtain 
Property 5.5. 

Fi m _ 2 = m — 1 (mod m). 
Remark 5.6. From Theorem \2.tA we have for m > 2 

F 2 m — F m ^. m — F m F m -^-i + F m —\F m — F m [F m +\ + F m ^\) 

and 

F 2m +i = -F( m +i)+ m = F m F m+2 + F m _iF m+ i = F m (F m + F m+ i) + F m _i(F m _i + F m ), 

F 2m +i = F m (2F m + F m _i) + F m _i(F m _i + F m ) = 2F m + 2F m F m _i + F m _ x = F m + F m+1 . 
From this we get 

F 2m + 2 = F 2m+ i + F 2m = F m + F m+1 + F m (F m+ i + F m _i), 

-^2m+3 = F 3 F 2m+l + F 2 F 2m = 2(F m + F m+l ) + ^m(-fm+l + F m-\)i 
F 2m +i = F 2m+ 3 + F 2m+2 = 3(F m + F m+1 ) + 2F m (F m+ i + 

Fm— 1 ) • 

Theorem 5.7. A period of the Fibonacci sequence modulo 5k + 2 urerTi 5fc + 2 a prime and k 
odd is given by 

4fc+2 = 2(5/c + 3). 
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Proof. Using the recurrence relation of the Fibonacci sequence, and from Properties 14.11 14.21 
and 14.31 we have 



= F 5k+2 + F bk+l = 5k + 2 = (mod 5k + 2) . 
Taking m = 5k + 2 prime (k odd) in the formulas of F2 m +3 and F 2m+ 4, we have 
F 10fc+7 = 2(F 5 2 fe+2 + F 2 fe+3 ) + F 5k+2 (F 5k+3 + F 5k+1 ) = 2(5k + l) 2 + 5k + 1 (mod 5k + 2), 

F wk+7 = 50k 2 + 20k + 2 + 5/c + 1 = 10fc(5fc + 2) + (5k + 2) + 1 (mod 5k + 2), 
F 10fc +7 = 1 + (10A; + 1)(5A; + 2) = 1 (mod 5k + 2), 

and 

F 10fc+8 = 3(F| fc+2 + Ff k+3 ) + 2F 5k+2 (F 5k+3 + F 5fc+ i) = 3(5£; + l) 2 + 2(5k + 1) (mod 5k + 2), 
^iofe+8 = 75A; 2 + 30A; + 3 + 10k + 2 ee 15fe(5A; + 2) + 2(5/c + 2) + 1 (mod 5fc + 2), 
Fiofc+s = 1 + (15fc + 2)(5Jfe + 2) = 1 (mod 5Jfc + 2). 

Thus 

^iofe+7 = ^iofe+8 = 1 (mod 5k + 2), 

or equivalently 

^i+2(5fe+3) = ^2+2(5fc+3) = 1 (mod 5k + 2). 

We deduce that a period of the Fibonacci sequence modulo 5k + 2 with 51 + 2 a prime is 
4fe +2 = 2(5fc + 3). □ 

Remark 5.8. We can observe that 

F 5k -i = F 5k+1 -F 5k = l-5k = 3 = F 4 (mod 5k + 2), 

F 5k -2 = F 5k - F 5fe _! ee 5k - 3 = 5k - F 4 (mod 5k + 2), 
F 5k -s = F 5fc _i - F 5fc _ 2 ee 6 — 5k ee 8 ee Fq (mod 5k + 2), 
F 5fc _ 4 = F 5k _ 2 - F 5fc _ 3 ee 5A: - 11 = 5k - (F 4 + F 6 ) (mod 5k + 2). 
Using induction we can show the following two properties. 
Property 5.9. Let 5k + 2 be a prime with k odd. Then, we have 

F 5k -(2i+i) = F 2 (i+2) (mod 5k + 2) 
with I a positive integer such that I < [ 5k 2 l J • 

Property 5.10. Let 5k + 2 be a prime with k odd. Then, we have 

i-i 

F$k-2l = 5k- ^-F 2 (j + 2) (mod 5k + 2) 



with I > 1 such that I < 



i=0 

bk I 
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Remark 5.11. We can notice that 

F 5 k+4 = F 5k+3 + F 5k+2 = F 5k+2 = 5k + l (mod 5k + 2), 
F 5k+5 = F 5k+4 + F 5k+3 = F 5k+4 = 5k + l (mod 5k + 2), 

F 5k +6 = F 5k+5 + F 5k+4 = Wk + 2 = 5k (mod 5k + 2), 
and for I > 1 we have 

F 5 k+3l+2 = F 3l+2 F 5k+1 + F 3 i +1 F 5k = F 3 i +2 + 5kF 3l+1 (mod 5k + 2), 

F 5k+3l+2 = F 3l +(5k+l)F 3l+1 = F 3l -F 3l+1 +{5k+2)F 3l+1 = F 3l -F 3l+1 = -F 3l ^ (mod 5k+2). 
Furthermore, we have for I > 1 

F 5k+3 i+i = F 3l+1 F 5k+1 + F 3l F 5k = F 3i+1 + 5kF 3i (mod 5k + 2), 

*5fc+3*+i = F3,_i + (5fc+l)F3, = F 3l _ 1 -F 3l + (5k+2)F 3l = F 3l _ ± -F 3l = -F 3l _ 2 (mod 5k+2). 
Besides, we have for I > 1 

F 5k +3l = F 3l F 5k+1 + F^.iFsfc = F 3l + 5/cF 3/ _! (mod 5k + 2), 
F 5k+3 i = F3j_ 2 +(5fc+l)F3,_i = F 3i _ 2 -F 3i _i+(5A : +2)F3 i „i = F 3i _ 2 -F 3/ _ 1 = -F 3/ _ 3 (mod 5k+2). 

We can state the following property, the proof of which follows from the above remark and 
by using induction. 

Property 5.12. F 5k+n = -F n _ 3 (mod 5k + 2). 

Theorem 5.13. Let 5k + 2 be a prime with k an odd positive number and let n a positive 
integer. Then, we have 

F n (5k+3)=0 (mod5A; + 2). 

Proof. The proof of the theorem will be done by induction. We have Fq = (mod 5k + 2). 
Moreover, we know that F§ k+3 = (mod 5k + 2). Let us assume that F n ^ 5k+3 ^ = (mod 5k + 
2). We have 

F(n+l)(5k+3) = -Fn(5fc+3)+5fc+3 = F 5k+3 F n ( 5k+3 ) +1 + F 5k+2 F n ( 5k+3 y 

Since F 5k+3 = (mod 5k + 2), using the assumption ^(5^+3) = (mod 5k + 2), we deduce 
that 

^(n+i)(5fc+3) = (mod 5k + 2). 

□ 

The following follows very easily from the above theorem. 
Corollary 5.14. If 5k + 3|m, then F m = (mod 5k + 2). 

Remark 5.15. From the definition of a period of the Fibonacci sequence modulo an integer 
which is greater than 2, if F m ^ k+r ^ + i = F m ^ k+r ^ +2 = 1 (mod 5k + 2), then the number 
m(5k + r) is a period of the Fibonacci sequence modulo 5k + 2 and we have F m ^ k+r ^ = 
(mod 5k + 2). 
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Theorem 5.16. Let 5k + 2 be a prime with k an odd positive integer and r a positive integer 
which is strictly greater than 3. If there exists an integer m which is strictly greater than 2 
such that 

F m (5k+r) = (mod 5k + 2) 

and 

F 3m+1 = F 3m (mod 5A; + 2) 

with i*3 TO and 5k + 2 relatively prime, then a period of the Fibonacci sequence can be written 
independently of r either as a multiple of 3m — 1, or as a multiple of 5k + 3 or as a multiple 
of 5mk + 1 . 

Proof. Since F 3m+ i = F 3m (mod 5k + 2), then F 3m _i = F 3m+1 - F 3m = (mod 5k + 2). So, 
3m — 1 with m > 2 may represent a period of the Fibonacci sequence modulo 5k + 2 with 
5fc + 2 prime {k odd). 

Moreover, if there exists an integer m > 2 such that F m ( 5 j. +r ) = (mod 5k + 2), then from 
Corollary 14.114 we have for m > 2 and r > 3 

F mr .F 3m+ i = -Pmr+1^3m (mod 5k + 2). 

Since -F3 m +i = -F3 m (mod 5/c + 2) with F 3m and 5k + 2 relatively prime, it gives for m > 2 
and r > 3 

-Fmr = -Fmr+1 (mod 5k + 2). 

The congruences i^m+i = i^m (mod 5/c+2) and F mr = F mr+ i (mod 5k+2) with -F m (5fc +r ) = 
(mod 5k + 2) imply that 

F m (5k+r) = Fzm-i = F m r-1 = (mod 5k + 2). 

So, there exists a non-zero integer £i which may represent a period of the Fibonacci sequence 
modulo 5k + 2 such that 

mr — 1 = 3m — 1 + 1\. 
We verify that i 7 ^ = (mod 5k + 2). Indeed, we have 

-^3m-i+^i = Fi 1+3m _i = F 3m -iF il+ i + F 3m _ 2 F^. 

Also 

F 3m _ 2 = F 3m - F 3m _i = F 3m (mod 5k + 2). 
Since -F 3m _i = (mod 5k + 2) and F 3m _i + ^ 1 = F mr _i = (mod 5k + 2), it follows that 

F3m-l+^ = F 3m F £l = (mod 5k + 2). 
Since .F 3m and 5fc + 2 are relatively prime 

F h =0 (mod5/c + 2). 
From mr — 1 = 3m — 1 + £\, we obtain 

= m(r — 3). 

Moreover, since F^ = (mod 5k+2), there exists a non-zero integer £2 which may represent 
a period of the Fibonacci sequence modulo 5k + 2 such that 

m (5A; + r) = l x + £ 2 = m(r - 3) + £ 2 

which gives 

£ 2 = m (5k + 3). 

Since F m ^ k+3 ^ = (mod 5k + 2), we verify that F^ = (mod 5k + 2). 
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The case m = 1 is not possible. Otherwise, from the definition of a period of the Fibonacci 
sequence modulo an integer which is greater than 2, F^ k+ 4 and F^ k+ ^ would be congruent to 
1 modulo hk + 2. Or, F 5k+4: = F 5k+5 = 5/c + 1 (mod 5k + 2). So, we reach a contradiction. 

We have shown that 2(5k + 3) is a period of the Fibonacci sequence modulo 5k + 2. But, 
we assume that m > 2 and we cannot have F% m = F^ m+ i (mod 5k + 2) when m = 2 (recall 
that 5k + 2 with odd, is prime). 

Regarding the equation F m ^ k+r ^ = F mr _i = (mod 5k + 2), since i 7 ^ = (mod 5k + 2), 
we can see also that there exists a non-zero integer £3 which may represent a period of the 
Fibonacci sequence such that 

m(5k + r) = mr — 1+^3 

which gives 

^3 = 5mk + 1. 

Since i*3 m _i = (mod 5k + 2) when F 3m = i*3 m +i (mod 5k + 2), we verify that = 
^5mfc+l = Fzm-l = (mod 5/c + 2). The cases m = 1 and m = 2 are not possible since 
^5fc+l = 1 (mod 5A; + 2) and Fiofe+i = 5 (mod 5k + 2). 

Regarding the equation F m ^ k+r ^ = F^m^i = (mod 5k + 2), since Fg x = (mod 5A + 2), 
there exists a non-zero integer £4 such that 

m(5k + r) = 3m — 1 + £4. 

We verify that Fi 4 = (mod 5A; + 2). Indeed, we have 

And 

F 3m _i + £ 4 ee F 3m i^ 4 = (mod 5k + 2). 
Since we assume that F^ m and 5fe + 2 are relatively prime, we get 

F U = Q (mod5/c + 2). 
From m(5k + r) = 3m — 1 + £4, we obtain 

4 = m (5A; + r - 3) + 1. 

When F m f 5k+r \ = (mod 5k + 2) and i^m+i = i*3 m (mod 5 A; + 2) such that and 5fc + 2 
relatively prime with 5k + 2 prime (A odd), r > 3 and m > 2, the numbers 3m — 1, £]_, £2 5 ^3 
and £4 represent all the possibilities to write a period of the Fibonacci sequence modulo 5k + 2 
with 5A; + 2 prime (k odd). 

Therefore, assuming that F m ^ 5k+r ^ = (mod 5k + 2) and -F 3m +i = -F 3m (mod 5/c + 2) with 
m > 2 and r > 3, a period of the Fibonacci sequence modulo 5k + 2 with 5fc + 2 prime (fe 
odd), can be written independently of r either as a multiple of 3m — 1, either as a multiple of 
5k + 3 or as a multiple of 5mA; + 1. □ 

Corollary 5.17. A period of the Fibonacci sequence modulo 5k + 2 with 5k + 2 prime and k 
odd can be written as a multiple of 5k + 3. 

Proof. We can notice that (see the proof of Theorem 15.161 for the notations) 

£ 3 + 3m - 1 = m(5k + 3) = £ A . 

It is clear that if 3m — 1 and £3 are periods of the Fibonacci sequence modulo 5k + 2 with 
5k + 2 prime (k odd), then £4 = £3 + 3m — 1 is also a period of the Fibonacci sequence modulo 
5k + 2. 
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Moreover, it is alway possible to find non-zero positive integers mj with i = 0, 1, 2, 3,4 such 
that: 

£i = m,j(5/c + 3) = m,j(5/c + 2) + m,j = m,j (mod 5/c + 2) 

where we set Iq = 3m — 1 . 

We now prove the existence of such m.j, with i = 0, 1, 2, 3, 4. 

Indeed, when i = 0, we have mo = 3m — 1 (mod 5k + 2). We set mo + 1 = 3to with 
3to — 1 > 0. Then, since 3 and 5k + 2 are relatively prime, to = m (mod 5/c + 2). So, there 
exists an integer so such that m = io + s o(5/c + 2). Since m > 2 and to > 0, we have necessarily 
*o > —so(5k + 2), m — so(5/c + 2) > 1 and so 3(m — so(5k + 2)) — 1 > 2. It implies that 
3m - 1 = 3t - 1 + 3s (5/c + 2) = m + 3s (5/c + 2). It gives 

m = 3(m - s (5/c + 2)) - 1 > 0. 

When i = 1, we have mi = m(r — 3) (mod 5/c + 2). If r — 3 = (mod 5k + 2), then 
mi = (mod 5k + 2). In this case, we can find two non-zero positive integers u\ and v\ such 
that mi = u\(5k + 2) and r — 3 = v±(5k + 2). Since m(r — 3) = mi (5/c + 3), it leads to 
mv\ = «i(5/c + 3). Since 5k + 3|mt> i and so 5k + 3|m(r — 3), then we have u\ = G N and 
for r > 3 

mvi(5/c + 2) m(r — 3) 

mi= 5 I + 3 - = -^+r eN - 

If r — 3 and 5/c + 2 are relatively prime, we set mi = ti(r — 3) with ti > 0. Then, since r — 3 
and 5k + 2 are relatively prime, t\ = m (mod 5/c + 2). So, there exists an integer si such 
that m = ti + s\(5k + 2). Since m > 2 and ti > 0, we have necessarily t\ > —si(5k + 2) and 
m-si(5/c+2) > 0. It implies that m(r-3) = £i(r-3) + si(r-3)(5/c+2) = m 1 + s 1 (r-3)(5k+2). 
It gives for r > 3 

mi = (r - 3)(m - si(5fc + 2)) > 0. 
When i = 2, we have £2 = m{5k + 3) = m-2(5/c + 3). So 

m-2 = m > 0. 

When i = 3, we have m-3 = 5m/c + 1 (mod 5/c + 2). We set m.3 — 1 = 5/ct3 with £3 > 0. Then, 
since 5/c and 5/c + 2 are relatively primes, t% = m (mod 5/c + 2). So, there exists an integer S3 
such that m = ^3 + s^(5k + 2). Since m > 2 and t% > 0, we have necessarily £3 > — sz(5k + 2) 
and m — S3 (5/c + 2) > 0. It implies that 5mk = 5kt% + 5kss(5k + 2) = — 1 + 5kss(5k + 2). 
It gives 

m 3 = 5k(m - s 3 (5k + 2)) + 1 > 0. 

When i = 4, we have m.4 = m(5/c + r — 3) + 1 (mod 5/c + 2). If 5/c + r — 3 = (mod 5/c + 2), 
then m.4 = (mod 5/c + 2). In this case, we can find two non-zero positive integers U4 and 
V4 such that m.4 = U4(5/c + 2) and r — 3 = t>4(5/c + 2). Since m(5/c + r — 3) = m^k + 3), 

it leads to mv^ = Ui{5k + 3). Since 5/c + 3|m/U4 and so 5/c + 3|m(5/c + r — 3), then we have 

TOH4 

5fe+3 



^4 = G N and for r > 3 



mvA5k + 2) m(5/c + r — 3) 
m4= 5fc + 3 = 5fc + 3 £N - 

If 5/c + r — 3 and 5/c + 2 are relatively prime, we set m4 = t^{5k + r — 3) with £4 > 0. Then, since 
5/c + r — 3 and 5/c + 2 are relatively prime, t± = m (mod 5/c + 2). So, there exists an integer S4 
such that m = ^4 + s^k + 2). Since m > 2 and £4 > 0, we have necessarily £4 > — s^{5k + 2) 
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and m-s 4 (5k + 2) > 0. It implies that m(5k + r-3) = t 4 (5k + r-3) + s 4 (5k + r-3)(5k + 2) = 
1714 + s 4 (5k + r — 3)(5fc + 2). It gives for r > 3 

m 4 = (5fc + r - 3)(m - s 4 (5/c + 2)) > 0. 

Thus, the numbers rrii with i = 0, 1, 2, 3, 4 exist. Therefore, it is always possible to find an 
integer with i = 0, 1, 2, 3, 4 such that = mi(5k + 3). 

Consequently, any period of the Fibonacci sequence modulo 5k + 2 with 5/c + 2 prime (A; 
odd), can be written as a multiple of 5k + 3. □ 

Corollary 5.18. TTie minimal period of the Fibonacci sequence modulo 5k + 2 mt/i 5/c + 2 
prime and k odd is 2(5k + 3). 

We know that 2(5k + 3) is a period of the Fibonacci sequence modulo 5k + 2 with 5k + 2 
prime with fc odd. Moreover, 5/c + 3 cannot be a period of the Fibonacci sequence modulo 
5k + 2 with 5fc + 2 prime and odd since F^ +4 = -Fsfc+5 = 5k + 1 (mod 5/c + 2). So, Corollary 
15.181 follows from Corollary 15.171 
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